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Non‐perturba-ve vacuum  
in bosonic open string field theory

•  Schnabl’s solu-on

Ψ

−
1

2π2g2

(1) Ac-on: D‐brane tension 

Gauge invariants 

(2) Gauge invariant overlap: 

[Schnabl(2005),Okawa,Fuchs‐Kroyter(2006)]

[Ellwood, Kawano‐Kishimoto‐Takahashi(2008)]

ΨSch

ΨSch

OV (ΨSch)/V26 =
1
2π

S[ΨSch]/V26 =
1

2π2g2

−S[Ψ]/V26



Numerical solu-on by level trunca-on 

•  Numerical solu-on in the Siegel gauge：  b0|ΨN〉 = 0
[…,Sen‐Zwiebach(1999),…]

[Gaioco‐Rastelli(2002)]

[Kawano‐Kishimoto‐Takahashi(2008)] 
and the latest result

Evidence of gauge equivalence:

S[ΨN]/S[ΨSch]

ΨN ∼ ΨSch

OV (ΨN)/OV (ΨSch)(1) (2)

(L,2L)‐trunca-on

(2,4) 0.9485534

(4,8) 0.9864034

(6,12) 0.9947727

(8,16) 0.9977795

(10,20) 0.9991161

(12,24) 0.9997907

(14,28) 1.0001580

(16,32) 1.0003678

(18,36) 1.00049

(L,3L)‐trunca-on

(2,6) 0.9593766

(4,12) 0.9878218

(6,18) 0.9951771

(8,24) 0.9979302

(10,30) 0.9991825

(12,36) 0.9998223

(14,42) 1.0001737

(16,48) 1.0003754

(18,54) 1.0004937

(L,2L)‐trunca-on

(2,4) 0.8783238

(4,8) 0.9294792

(6,12) 0.9501746

(8,16) 0.9606165

(10,20) 0.9677900

(12,24) 0.9723211

(14,28) 0.9760046

(16,32) 0.9785442

(L,3L)‐trunca-on 

(2,6) 0.8898618

(4,12) 0.9319524

(6,18) 0.9510789

(8,24) 0.9611748

(10,30) 0.9681148

(12,36) 0.9725595

(14,42) 0.9761715

(16,48) 0.9786768



Numerical solu-ons in a‐gauges

•  Asano‐Kato’s a‐gauge (b0M + a b0c0Q̃)|Ψa〉 = 0

a = ∞
a = 4.0
a = 0.5
a = −2.0

(6,18)‐truca-on

 0.9609438 
 0.9244886 
1.0045858 
 0.9798943

(?)
(and higher level?)

...
...

Q = Q̃ + c0L0 + b0M

S[Ψa]/S[ΨSch]

OV (Ψa)/OV (ΨSch)

a = 0 b0|Ψ0〉 = 0

b0c0Q̃|Ψ∞〉 = 0a = ∞
⇒ Siegel gauge:

⇒ Landau gauge:

For a‐gauge solu-on,(1)

(2)

[Asano‐Kato(2006)]

⇒ our computa-on
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Bosonic cubic open string field theory

Q =
∮

dz

2πi

(
cT m + bc∂c +

3
2

∂2c

)

−S[Ψ]/V26

Ψλ=1

−
1

2π2g2

Ψ

λ = 1

S[Ψ] = −
1

g2

(
1

2
〈Ψ, QΨ〉 +

1

3
〈Ψ, Ψ ∗ Ψ〉

)

|Ψ〉 = φ(x)c1|0〉 + Aµ(x)αµ
−1c1|0〉 + iB(x)c0|0〉 + · · ·

Q =

∮
dz

2πi

(
cT m + bc∂c +

3

2
∂2c

)

QΨ +Ψ ∗ Ψ =0

δΛΨ = QΛ +Ψ ∗ Λ − Λ ∗ Ψ

〈·, ·〉 :

Equation of motion:

Gauge transformation:

Action:

−S[Ψ]/V26

Ψλ=1

−
1

2π2g2

Ψ

λ = 1

S[Ψ] = −
1

g2

(
1

2
〈Ψ, QΨ〉 +

1

3
〈Ψ, Ψ ∗ Ψ〉

)

|Ψ〉 = φ(x)c1|0〉 + Aµ(x)αµ
−1c1|0〉 + iB(x)c0|0〉 + · · ·

Q =

∮
dz

2πi

(
cT m + bc∂c +

3

2
∂2c

)

QΨ + Ψ∗Ψ =0

δΛΨ = QΛ + Ψ∗Λ − Λ∗Ψ

〈·, ·〉 :

−S[Ψ]/V26

Ψλ=1

−
1

2π2g2

Ψ

λ = 1

S[Ψ] = −
1

g2

(
1

2
〈Ψ, QΨ〉 +

1

3
〈Ψ, Ψ ∗ Ψ〉

)

|Ψ〉 = φ(x)c1|0〉 + Aµ(x)αµ
−1c1|0〉 + iB(x)c0|0〉 + · · ·

Q =

∮
dz

2πi

(
cT m + bc∂c +

3

2
∂2c

)

QΨ + Ψ∗Ψ =0

δΛΨ = QΛ + Ψ∗Λ − Λ∗Ψ

〈·, ·〉 :

δΛS[Ψ] = 0→

Restrict string field to twist even sector in the universal space:

Ψ =( t1 + t2b−1c−1 + t3L(m)
−2 + · · · )c1|0〉 + (u1b−2 + · · · )c0c1|0〉



Gauge invariant overlap

Gauge invariant for on-shell closed string state 

〈I|

V (i)

6 数値解のBRST不変性について
OV (Ψ) = 〈I|V (i)|Ψ〉 = 〈γ̂(1c, 2)|ΦV 〉1c|Ψ〉2
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:macer primary with (1,1)‐dim.  

|ΦV 〉 = c1c̄1|Vm〉

δΛOV (Ψ) = 0

Vm

OV (QΛ) = 0

OV (Ψ ∗ Λ) = OV (Λ ∗ Ψ)

In par-cular, it vanishes for pure gauge solu-ons: OV (e−ΛQeΛ) = 0



Shapiro‐Thorn’s vertex
〈γ̂(1c, 2)|φc〉1c |ψ〉2 = 〈h1[φc(0)]h2[ψ(0)]〉UHP

O

i
h

M
i

h

h1(w) = −i
w − 1
w + 1

h2(w) = I ◦ hI(w) =
1
2

(
w −

1
w

)

〈I|φ〉 = 〈hI [φ(0)]〉UHPiden-ty state:

closed string open string



Gauge invariant overlap for  
Schnabl’s analy-c solu-on

•  Schnabl’s solu-on for tachyon condensa-on 
ΨSch =

∂r

e∂r − 1
ψr|r=0 =

∞∑

n=0

Bn

n!
∂n

r ψr|r=0

= lim
N→+∞

(
ψN+1 −

N∑

n=0

∂rψr|r=n

)

ψr ≡
2
π

U†
r+2Ur+2

[
−

1
π

(B0 + B†
0)c̃(

πr

4
)c̃(−

πr

4
) +

1
2
(c̃(−

πr

4
) + c̃(

πr

4
))

]
|0〉

OV (ψr) :independent ofr

Ur ≡ (2/r)L0

[Ellwood, Kawano‐Kishimoto‐Takahashi (2008)]

OV (ΨSch) = OV (ψ0) = lim
N→∞

OV (ψN+1)



Analy-c computa-on of gauge inv. 
overlap for Schnabl’s solu-on (1) 

•  Note:

〈γ̂(1c, 2)|
(
(L(2)

n − (−1)nL(2)
−n − (−1)

n
2

n

4
c δn:even

)

= 〈γ̂(1c, 2)|(−2in)
∑

m≥0

(−1)m(ηn
2m+1 − ηn

2m−1)(L
(1)
m + (−1)nL̄(1)

m )

〈γ̂(1c, 2)|(b(2)
n − (−1)nb(2)

−n)

= 〈γ̂(1c, 2)|(−2in)
∑

m≥0

(−1)m(ηn
2m+1 − ηn

2m−1)(b
(1)
m + (−1)nb̄(1)

m )

〈γ̂(1c, 2)|(c(2)
m + (−1)mc(2)

−m)

= 〈γ̂(1c, 2)|
−im

4

∑

n≥1

(−1)n(η2n
m+1 − η2n

m−1 + δm,1)(c(1)
n + (−1)mc̄(1)

n )

does not contribute to the gauge invariant overlap.

ψr =
2
π

c1|0〉 + O(L0 − L†
0, B0 − B†

0, cn + (−1)nc−n)

ψ0



(
1 + x

1− x

)k

=
∞∑

n=0

ηk
nxn



Analy-c computa-on of gauge inv. 
overlap for Schnabl’s solu-on (2) 

•  Rela-on to the boundary state

〈γ̂(1c, 2)|ψ0〉2P1c =
1
2π

〈B|c−
0

generaliza-on

[Kawano‐I.K.‐Takahashi(2008)]

[Kiermaier‐Okawa‐Zwiebach(2008)]

|B∗(ΨSch)〉 ≡ e
π2

s (L0+L̄0)

∮

s
Pe−

R s
0 dt[LR(t)+{BR(t),ΨSch}]

= |B〉 +
∞∑

k=1

|B(k)
∗ (ΨSch)〉

= 0



Gauge invariant overlap for string 
fields in the universal space

•  For string fields in the twist even universal space such as 

•  Here, we take a normaliza-on such as 

OV (Ψuniv) =
1
4

t1 −
1
4

t2 −
3
4

t3 +
1
4

t5 +
3
4

t7 +
3
2

t8 +
11
2

t9 + · · ·

|Vm〉 =
−1
26

ηµναµ
−1ᾱν

−1|0〉

Ψuniv = (t1 + t2b−1c−1 + t3L(m)
−2 + t4b−3c−1 + t5b−2c−2 + t6b−1c−3

+t7L(m)
−2 b−1c−1 + t8L(m)

−4 + t9(L
(m)
−2 )2 + · · · )c1|0〉

+(u1b−2 + u2b−4 + u3b−2b−1c−1 + u4L(m)
−2 b−2 + u5L(m)

−3 b−1 + · · · )c0c1|0〉



Asano‐Kato’s a‐gauge

M = −2
∞∑

n=1

nc−ncn

Q̃ =
∑

n!=0

c−nL(m)
n −

1
2

∑

n,m,m+n!=0

(m − n)c−mc−nbm+n

In the worldsheet ghost number 1 sector,

(b0M + ab0c0Q̃)Φ1 = 0

a = 1 b0c0QΦ1 = 0Note:

Under the gauge transforma-on in the free level 
this condi-on cannot fix the gauge.

Φ1 !→ Φ1 + QΛ0

a != 1 perturba(vely



On the a‐gauge
•  The a‐gauge condi-on conserves the level. 

•  The a‐gauge condi-on is compa-ble with the twist 
even sector in the universal space. 

suitable to the level trunca-on

L 0 2 4 6 8 10 12 14 16 18
dim. 1 3 9 26 69 171 402 898 1925 3985

dimension of the truncated space in the a‐gauge:

the same as that of the Siegel gauge



Asano‐Kato’s gauge fixed ac-on

Φn ,           : worldsheet ghost number n

(n ≥ 2)

Bn

Wn =
∞∑

i=0

(−1)i(n + i − 1)!
i!(n − 1)!((n + i)!)2

M i(M−)n+i M− = −
∞∑

n=1

1
2n

b−nbn

integrate out Bn

b0(Mn−1 + ac0Q̃Mn−2)Φ3−n = 0

b0(Wn−2 + ac0Q̃Wn−1)Φn = 0
(n ≥ 2)

gauge fixing condi-on

SGF = −
1
2

∞∑

n=−∞

〈Φn, QΦ2−n〉 −
g

3

∑

l+n+m=3

〈Φl, Φm ∗ Φn〉 +
∞∑

n=−∞

〈(OaB)3−n, Φn〉

(OaB)n = (b0Mn−1 + ac0b0Mn−2Q̃)B3−n

(OaB)3−n = (b0Wn−2 + ac0b0Wn−1Q̃)Bn



Massless part
Let us consider “level 1” part of the string fields:

B = βχ(x)c0|0〉 + βµ(x)αµ
−1c0c1|0〉 + βv(x)c−1c0c1|0〉

field redefini-on

SGF|quad. =
∫

d26x

(
−

1
4

FµνF µν + B∂µAµ +
α

2
B2 + ic̄∂µ∂µc −

1
2

χ̃2 +
1
2

β̃µũµ +
1
2

βvv

)

α =
1

(a − 1)2

Φ = γ(x)|0〉 + (Aµ(x)αµ
−1c1 + β(x)c0)|0〉

+(γ̄(x)c−1c1 + uµ(x)αµ
−1c0c1)|0〉 + v(x)c−1c0c1|0〉

SGF|quad. =
∫

d26x

(
−

α′

4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ) −

1
2
(−

√
2iβ +

√
α′∂µAµ)2

− α′γ̄∂µ∂µγ − i
√

2α′uµ∂µγ

+
1
2

βvv + βµ(uµ + a
√

α′/2i∂µγ̄) −
√

2iβχ(−
√

2iβ + a
√

α′∂µAµ)
)



Construc-on of numerical solu-ons

: a‐gauge condi-on

: nontrivial solu-on for (0,0)‐trunca-on

P = c0b0

: “BRST operator” around

[Gaioco‐Rastelli(2002)]

：linear equa-ons!

: a projec-on to solve equa-ons

We can define

Ψ(0) =
64

81
√

3
c1|0〉

(b0M + a b0c0Q̃)Ψ(n+1) = 0

P(QΨ(n)
Ψ(n+1) − Ψ(n) ∗ Ψ(n)) = 0

Ψ(n)

QΨ(n)
Φ ≡ QΦ + Ψ(n) ∗ Φ − (−1)|Φ|Φ ∗ Ψ(n)

Ψ(n) !→ Ψ(n+1)

Ψ(n+1) ! (QΨ(n)
)−1(Ψ(n) ∗ Ψ(n))



On the equa-on of mo-on

If the itera-on converges  for  n → ∞
: a‐gauge condi-on

: projected part of eq. of mo-on

(b0M + a b0c0Q̃)Ψ(∞) = 0

P(QΨ(∞) + Ψ(∞) ∗ Ψ(∞)) = 0

We check the remaining part of the equa-on of mo-on 
 for the resul-ng configura-on:

(1 − P)(QΨ(∞) + Ψ(∞)∗ Ψ(∞)) = 0 (?)

[Hata‐Shinohara(2000)]

b0c0

“BRST invariance”



“Norm” of string fields 

Φ =
∑

k+l≤L

∑

mk,nl

tk,mk;l,nl ϕk,mk ⊗ ψl,nl

|ψk,mk〉 = b−p1b−p2 · · · b−prc−q1c−q2 · · · c−qsc1|0〉gh

ϕk,mk : a linear combina-on of 

L(m)
−n1

L(m)
−n2

· · · L(m)
−nq

|0〉m (n1 ≥ n2 ≥ · · · ≥ nq ≥ 2)

〈ϕk,mk , ϕk′,m′
k′ 〉 = (−1)kδk,k′δmk,m′

k′ , L(m)
0 |ϕk,mk〉 = k|ϕk,mk〉

Level L‐truncated string field in the universal space:

s.t.

p1 > p2 > · · · > pr ≥ 1, q1 > q2 > · · · > qs ≥ 0,
r∑

t=1

pt +
s∑

u=1

qu = k

‖Φ‖ =




∑

k,mk,l,nl

|tk,mk;l,nl |2




1
2



Convergence of itera-ons

||ΨM − ΨM−1||
||ΨM ||

< 10−8

We con-nue the itera-ons un-l

||ΨM || ∼ O(1)

||c0b0(QΨM + ΨM ∗ ΨM)||
||ΨM ||

< 10−8

For various a,
−∞ ! a " 0, 1 # a ! ∞

M < 10



(L,3L)‐trunca-onS[Ψa]/S[ΨSch]
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(L,3L)‐trunca-onS[Ψa]/S[ΨSch]
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(L,3L)‐trunca-onOV (Ψa)/OV (ΨSch)
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Summary
•  We have evaluated gauge invariants (ac-on and gauge 
invariant overlap) for numerical solu-ons in a‐gauges 
by level trunca-on ((L,2L) and (L,3L)‐method). 

•  We have checked the consistency of  the equa-on of 
mo-on. 

•  Our numerical results suggest: 

•  These are consistent with the gauge equivalence: 

−∞ ! a " 0, 1 # a ! ∞

L → +∞
OV (Ψa,L) → OV (ΨSch)

S[Ψa,L ]|L → S[ΨSch]

Ψa ∼ ΨSch



Discussion

•  The approaching speed of the overlap to the 
expected value is slower than that of the ac-on. 

•  Due to the subtlety of the midpoint(?) 

•  If there is a small discrepancy between the gauge 
invariant overlap for the a‐gauge solu-ons and that 
for the Schnabl solu-on, they are not gauge 
equivalent. 

     If so, they might describe different vacua. (!?) 

(Suppose that the gauge invariant overlap is always well‐defined.)



Gauge invariants for various a‐gauge solu-ons    
                                                          (L,2L)‐trunca-on

S[Ψa]/S[ΨSch]

OV (Ψa)/OV (ΨSch)

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ! ! ! ! ! !

!

!

!

!
!
!
!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
""""""""

""" " "

"

"

"
"
"
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""

##############################################################################################################################
######

#
#
#
#################################################################################################

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
$$$$$$$$$$$$$$$$

$
$
$
$
$
$
$
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%

%
%

%

%
%%%%%% %% %% %% %
%

%%%
%

%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

0.88 0.90 0.92 0.94 0.96 0.98 1.00 1.02
0.88

0.90

0.92

0.94

0.96

0.98

1.00



Gauge invariants for various a‐gauge solu-ons    
                                                          (L,2L)‐trunca-on

S[Ψa]/S[ΨSch]

OV (Ψa)/OV (ΨSch)

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ! ! ! ! ! !

!

!

!

!
!
!
!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
""""""""

""" " "

"

"

"
"
"
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""

##############################################################################################################################
######

#
#
#
#################################################################################################

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
$$$$$$$$$$$$$$$$

$
$
$
$
$
$
$
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%

%
%

%

%
%%%%%% %% %% %% %
%

%%%
%

%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&&&&&&&&&&&&&

&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&
&&&&

&&&&&&&&&&&&&

&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&
' ' ''
((

0.88 0.90 0.92 0.94 0.96 0.98 1.00 1.02
0.88

0.90

0.92

0.94

0.96

0.98

1.00


